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INTRODUCTION 
On a mesoscale the pore structure in natural rocks is strongly inhomogeneous. 
With an increase of the scale size one may find that the pore structure has preferred 
orientation ( texture) which leads to anisotropy of permeability and tortuosity. In this 
paper the Biot theory _was applied to an orthotropic fluid saturated porous medium. 
Such a medium supports four different wave types: fast quasilongitudinal, two qua-
sishear and slow quasilongitudinal waves. The properties of the orthotropic frame are 
described by the nine independent elastic constants of the dry frame. Pore structure 
characteristics such as tortuosity, permeability and shape factor become direction-
dependent and in the coordinate system collinear with the acoustical axes each of these 
parameters is represented by a second-rank tensor with the only non-zero elements on 
the diagonal. Our results show that the velocities of quasilongitudinal and two qua-
sishear waves depend mostly on the properties of the frame and are not sensitive to 
the permeability and tortuosity directly ( the frame stiffnesses, permeability and tor-
tuosity are indirectly related due to dependence on pore structure; however they can 
formally be considered as independent parameters). Thus by measuring these veloc-
ities one can determine the frame elastic constants. The slow wave velocity, on the 
contrary, depends mostly on the pore geometry. Its angular dependence in a water- or 
air-saturated solid allows us to recover the components of the permeability and tor-
tuosity tensors. This approach opens new possibilities for determination of such char-
acteristics of porous materials as preferred pore orientation and tortuosity which have 
been previously inaccessible experimentally and thus to retrieve information about the 
pore structure. 
BACKGROUND 
Porous structures are usually considered to be isotropic. It is assumed that macro-
scopic parameters which describe the pore structure and the fluid flow in it are direction-
independent. Real porous media do not always exhibit this property. Due to the pres-
ence of gravitational and tectonic forces, rock formations may have different properties 
in the horizontal and vertical directions. 
In general, the directional nature of permeability can be represented by a sym-
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metric second-order tensor: 
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(1) 
In the coordinate system coinciding with the principal axes of the orthotropic medium 
the permeability tensor reduces to three diagonal components. In this case the perme-
ability in the direction n [l]is: 
(2) 
Measurements on mica and activated carbon samples [2] showed that the ratios of per-
meabilities in the direction parallel to the bedding plane and perpendicular to it are 
around 2. However local permeability variation is also large in these materials. 
The tortuosity factor which measures the deviation from the macroscopic fluid 
flow direction at every point of the medium can also be represented in tensorial form 
[3]: 
= df, d~1 (der) 2 
0
'
1 der der ds ' (3) 
where er is the length measured along the streamline, s is the length measured along 
the axis of the channel, and ~' are the local Coordinates in the fixed coordinate system. 
Again in the principal coordinate system the tortuosity tensor matrix is diagonaL 
The anisotropy of porous media is usually caused by layering, and unlike in crys-
tals this is not an intrinsic material property. It is desirable to relate a direction-dependent 
pore structure to macroscopical properties measured in different directions. Both frame 
moduli and fluid movement related properties will depend on the anisotropic pore 
structure. Ultrasonic techniques give the ability to measure velocities and attenuation 
in different directions and thus to assess the anisotropic nature of the structure. 
The slow compressional wave which was theoretically predicted by Biot [4] and 
first measured by Plona [5] was found to be sensitive to changes in permeability and 
tortuosity and depends mainly on the pore structure. Unfortunately this wave is very 
diflicult to detect in water-saturated real rocks due to inherent internal impurities [6]. 
To measure the slow compressional wave it is better to use gasses such as air to satu-
rate the porous medium. The air technique [7] can be used successfully for character-
ization of porous ceramies and natural rocks. 
The constitutive equation (generalization of Hooke's law) and equations of mo-
tion for fluid-saturated anisotropic porous media have been formulated by Biot [8, 9]. 
We have applied Biot concepts to harmonic plane wave propagation in an orthotropic 
medium and obtained the generalized Christoffel equation. We have also analyzed the 
sensitivity of different wave types to the frame stiffnesses and pore structure param-
eters. This provides a necessary theoretical background for ultrasonic assessment of 
direction-dependent pore structure. The theory and simulation results are described 
in the following sections of the paper. 
GENERALIZED CHRISTOFFEL EQUATION 
The derivation of the equations of motion for anisotropic fluid-saturated porous 
media has been outlined by Biot [9]. They can be written as follows: 
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The first equation expresses the time derivative of the momentum of the mixed fluid-
solid system, while the second equation describes the relative motion of the fluid in the 
pores. The frequency dependence of the viscous resistance is accounted for by a com-
plex factor F. The coeffi.cient a, is called the tortuosity parameter in the i-th direction 
and it describes the increase of inertia due to pore geometry, 'f/ is fluid viscosity, K., is 
the permeability in the i-th direction, <Pis the porosity (volume content of connected 
pores), Ps is the density of the solid material and Pt is the fluid density. 
We look for solutions of Eqs. ( 4,5) in the form of harmonic plane waves: 
u, = u,e•k(n x-j!t)' U, = U,e•k(n x-!ft), 
where k = k' + ik" is a complex wave number. The phase velocity is 
V=w 
k' 
(8) 
(9) 
and the attenuation is k". Thus we obtain the generalized Christofiel equation which 
describes wave propagation in an anisotropic fluid-saturated porous medium: 
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Figure 1: (a) Zero-frequency approximation for frame waves in orthotropic glass bead 
porous solid; (b) wave propagation in the 1-3 symmetry plane of the orthotropic fluid-
saturated porous material. 
and 
-(k) (k) . b p,J = p,J +zw k· (13) 
Here, n (nl> n2, n3) is the direction of wave propagation, L,. represents coupling 
between the volume change of the solid frame and that of the fluid and R describes 
the proportionality between fluid pressure and fluid motion while the volume of the 
frame remains constant. G,k = C,1ktn1nt, where C,1kt are the elastic constants of the 
anisotropic frame. 
Unlike Christoffel's equation forasolid material, Eq. (10) has nondiagonal ve-
locity terms. In order for Eq. (10) to have nontrivial solutions the determinant of the 
matrix should be equal to zero. This gives a sixth-order polynomial equation with re-
spect to (wjk) 2 . It can be shown that it has four non-zero solutions which correspond 
to fast longitudinal, slow longitudinal and two transverse waves. One may note that in 
a solid anisotropic material the Christofiel equation is a third-order polynomial with 
respect to (wjk) 2 and has solutions for one longitudinal and two transverse waves. In 
the case of an isotropic fluid-saturated porous material the solutions which correspond 
to shear waves are identical. Thus, in this case the total number of different wave types 
is reduced to three (fast and slow compressional and shear waves). 
We have also derived zero-frequency approximations for bulk waves in a symmetry 
plane. In the zero frequency limit the slow compressional wave vanishes. For the 1-3 
symmetry plane the velocities of the three bulk waves are: 
pVfz Gn + Gaa J ( Gn - Gaa)2 + 4G~a 2 + 2 
Gn + Gaa V,...( G_n ___ G_a-a)_2_+_4G-~a 
2 2 (14) 
where 
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G1a = (C1a +Ln+ Laa + R + C55)n1na; 
Gaa = C55n~ + (Caa + 2Laa + R)n~; 
G22 = C66n~ + C44n~. (15) 
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Figure 2: Angular dependence of the three bulk wave velocities in the 1-3 symmetry 
plane of the orthotropic water-saturated glass beads porous solid at 1 MHz; (a) frame 
anisotropy of C~3 = 1.5C~1 and (b) tortuosity anisotropy of a3 = 0.7al. 
These analytical solutions are very close to the exact ones for bulk waves. A com-
parison of the exact solutions for fast compressional and shear (SV) waves at frequency 
1 MHz with the zero-frequency approximation is given in Figure 1a. One can see that 
the differences between exact and approximation solutions are very small. Thus the 
zero-frequency approximation can be used for bulk wave velocities. 
SEPARATION OF FRAME MODULI AND PORE PARAMETERS 
Although phenomenologically the frame elastic moduli, tortuosity and permeabil-
ity are considered as independent parameters they are actually interrelated since they 
all depend on pore structure and pore orientation. We propose to explore the theoret-
ical and experimental aspects of their interrelationships and their dependence on pore 
structure. Ultrasonic wave propagation in a fluid-saturated porous medium is gov-
erned by these macroscopic parameters. We plan to determine optimal conditions and 
appropriate wave types for measuring these parameters. Next, using micromechanical 
theory we propose to use this data for pore structure characterization. 
For better understanding and optimization of measurements it is important to 
separate the effect of different structural parameters (moduli, permeability, etc.) on 
the variables (velocities, attenuation). To show the feasibility of such separation we 
have performed a parametric study of wave velocities and attenuation in a water-saturated 
glass bead porous solid using the theory described above. To simulate the effect of 
anisotropy we introduced a directional dependence in the properties. We assumed that 
the material is orthotropic with the acoustical axes coinciding with the coordinate sys-
tem. An ultrasonic wave is incident in the 1-3 symmetry plane (Figure 1b). First, we 
took the frame elastic constant c~3 tobe 50% higher than c~l 'while permeability and 
tortuosity were directionally independent. The angular dependence of the wave veloc-
ities is shown in Figure 2a. One can see that the velocities of the fast compressional 
and shear (SV) waves change with the direction, while the velocity of the slow com-
pressional is direction-independent. This shows that only fast compressional and shear 
waves are sensitive to the frame anisotropy. Second, we introduced 30% anisotropy in 
tortuosity while keeping the frame moduli and permeability isotropic. The results are 
shown in Figure 2b. Only the slow compressional wave velocity changes with direction. 
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Figure 3: Angular dependence of slow compressional wave velocity in water saturated 
glass beads porous solid at (a) 1 MHz and (b) 1kHz. 
The effect of frequency on slow wave angular dependence is clarified in Figure 3 
by increasing or decreasing permeability and tortuosity components in the 3-direction 
(0° angle) with respect to those in the 1-direction (90° angle) in Figure 1b, which are 
taken as follows: a = 1.79, K.1 = 1Q-12m2 . The results for frequencies of 1 MHz and 
1 KHz are presented in Figure 3a and b respectively. The effect of anisotropy on the 
tortuosity is more pronounced at high frequencies while the effect on the permeability 
is more pronounced at low frequencies. 
From the experimental data for fast compressional and shear waves we propose 
to determine anisotropic stiffnesses of the dry solid frame utilizing a nonlinear least-
squares optimization technique. Measurements in both symmetry and nonsymmetry 
planes can be used to reconstruct frame elastic moduli. We have shown [10] that seven 
of the nine elastic constants of an orthotropic material can be found from the angular 
dependence of wave velocities measured in two symmetry planes perpendicular to the 
plane of the sample. Two additional elastic constants, namely Cf2 and C86 , if we refer 
to Figure 1b, can be determined from the measurements in a nonsymmetry plane [11]. 
We have also studied the stability of the method and sensitivity to different elastic 
moduli. 
To illustrate the applicability of the method we determined the frame elastic mod-
uli in an anisotropic water-saturated glass bead porous solid from synthetic Velocity 
data in the 1-3 and 2-3 symmetry planes and also at 45°. Angular ranges and wave 
types were chosen to be close to those experimentally available using our technique 
described above. Anisotropy of 30% was introduced in the frame elastic moduli. To 
simulate the effect of experimental error we introduced noise of 1% in synthetic data 
using a random function generator. The obtained "experimental" velocity data for the 
1-3 plane are shown in Figure 4a. The reconstructed elastic constants and their devi-
ation from their original values are presented in Table 1. 
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Figure 4: Synthetic (a) bulk waves and (b) slow compressional wave velocity data in 
the 1-3 symmetry plane. 
To determine pore structure we propose to utilize the angular dependence of the 
slow compressional wave. We have made preliminary computations to determine the 
components of the permeability and tortuosity tensors from slow compressional wave 
velocity data at different directions. To simulate the angular dependence of the slow 
compressional wave velocity we assumed that the permeability in the 3-direction is 
50% higher, while the tortuosity is 30% lower that in the 1-direction. Frame elastic 
moduli and porosity were assumed to be known. Again experimental error of 1% was 
introduced in the velocity data. "Experimental" slow compressional wave velocity data 
in the 1-3 plane for the operating frequency of 1 MHz and 100KHz are shown in Fig-
ure 4b. Comparison of reconstruction results with original values is presented in Ta-
ble 2. 
Thus, our preliminary simulation results show the possibility of determination of 
frame elastic moduli from measured angular dependences of the fast compressional 
and shear waves, and components of the permeability and tortuosity tensors from the 
angular dependence of the slow compressional wave. 
Due to diffi.culties in slow compressional wave detection in water-saturated mate-
rials, we also plan to perform measurements in air-saturated samples. The rigid-frame 
approximation, which is applicable in this case, provides another advantage in obtain-
ing analytical formulas for slow compressional wave velocity and attenuation. 
The theoretical model for air-saturated permeable solids of random formation 
which we used for calculations of velocity and attenuation of the slow compressional 
wave will be extended to take into account anisotropic pore structure. This will be 
done in the approximation of infinite frame rigidity. In this case there exists only one 
dilatational (slow) wave. The effect of viscosity will be included through the complex 
density and the effect of heat conduction through the complex modulus. Also an arbi-
trary pore geometry will be taken into account using a shape factor. Sensitivity analy-
sis will be performed to determine the effect of different parameters of the anisotropic 
pore structure on the velocities and attenuation of the slow compressional wave. Low-
and high-frequency limitswill be considered. They will provide us with simple analyt-
ical relations between the wave velocity and attenuation and anisotropic pore charac-
teristics. 
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Table 1: Results of frame moduli reconstruction (value and relative error) using simu-
lated bulk velocity data with 1% scatter. 
Frame moduli 
Data type Cf1 [GPa] C~3 [GPa] C~3 [GPa] C~3 [GPa] 
original value 9.86 12.82 3.56 2.20 
reconstructed value 10.15 12.71 3.64 2.24 
error 3.0% 0.8% 2.2% 1.9% 
Table 2: Results of permeability and tortuosity reconstruction using simulated slow 
wave velocity data with 1% scatter. 
tortuosity permeability 
Data type a1 a3 r;,1 [Darcy] "·3 [Darcy] 
original value 1.79 1.25 10 15 
reconstructed value 1.74 1.21 12 14 
error 2.8% 3.2% 20.0% 6.7% 
SUMMARY 
A theoretical description of ultrasonic wave propagation through an anisotropic 
fluid-saturated porous medium has been presented. lt takes into accmmt the anisotropy 
of the porous structure by introducing anisotropic frame elastic moduli and direction-
ally dependent permeability and tortuosity. In the general case, for a given direction 
there exist four wave types. In addition to three waves as in anisotropic crystals there 
is an additional slow compressional wave which corresponds to relative movement be-
tween the fluid and the solid frame. The fast compressional and the two shear waves 
are affected mostly by anisotropy in the frame elastic moduli while the slow compres-
sional wave is very sensitive to the anisotropy of the pore geometry. Simulation re-
sults show that the angular dependence of the slow compressional wave can be used 
for determination of anisotropic permeability and tortuosity, while fast longitudinal 
and transverse waves can be used for determination of the frame moduli using a non-
linear least squares procedure. 
REFERENCES 
1. F. A. L. Dullien, "Porous Media: Fluid Transport and Pore Structure," 
(Acad. Press, San Diego, CA, 1992). 
2. P. A. Rice, D. J. Fontugne, R. G. Latini and A. J. Barduhn, in "Flow 
Through Porous Media", Am. Chem. Soc., Washington D.C., 47 (1970). 
3. J. Bear, "Dynamics of Fluids in Porous Media," (Elseiver, New York, 1972). 
4. M. A. Biot, J. Acoust. Soc. Am. 28, 168 (1956). 
5. T. J. Plona, Appl. Phys. Lett. 36, 259 (1980). 
6. T. Klimenatos and C. McCann, Geophysics 53, 1605 (1988). 
7. P. B. Nagy, J. Acoust. Soc. Am. 93, 3224 (1993). 
8. M. A. Biot and D. G. Willis, J. Acoust. Soc. Am. 24, 594 (1957). 
9. M. A. Biot, J. Acoust. Soc. Am. 34, 1254 (1962). 
10. Y. C. Chu and S. I. Rokhlin, J. Acoust. Soc. Am. 95, 213 (1994). 
11. Y. C. Chu, A. D. Degtyar and S. I. Rokhlin, J. Acoust. Soc. Am. 95, 3191 (1994). 
90 
